We study the unpolarized fragmentation functions and parton distribution functions of the pion employing the nonlocal chiral quark model. This model manifests the nonlocal interactions between the quarks and pseudoscalar mesons in the light-cone coordinate. It turns out that the nonlocal interactions result in substantial differences in comparison to typical models with only local couplings. We also perform the high Q 2 -evolution for our results calculated at a relatively low renormalization scale Q 2 ≈ 0.36 GeV 2 to be compared with the experimental data. Our results after evolution are in qualitatively good agreement with those data.
I. INTRODUCTION
To apply perturbative Quantum Chromodynamics (QCD) to study hadronic processes, such as the deep-inelastic electron-proton scattering, one needs the QCD factorization theorem to guarantee the cross section to be the convolution of the two parts: the process-dependent perturbative QCD (pQCD) calculable short-distance parton cross section, and the universal long-distance functions which can be extracted from experiments. Since the strong interaction in long-distance is essentially nonperturbative, those long-distance functions are incalculable by pQCD.
To date, there has been increasing interest in those long-distance functions such as the fragmentation functions and parton distribution functions. The fragmentation function characterizes the probability for a hadron fragmented from a quark with the momentum fraction z. It plays a crucial role in analyzing the semi-inclusive processes in the electron-positron scattering, deep-inelastic proton-proton scattering, and so on [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . The parton distribution function provides information for the distribution of the momentum fraction x carried by a parton inside a hadron. It is a necessary ingredient in studying hard scattering processes such as the deep-inelastic electron-proton scattering. It is worth mentioning that a parton distribution function can be extracted from the corresponding fragmentation function via the Drell-Levy-Yan (DLY) relation due to the analytical continuation [12] . This analytic continuation is possible only if the parton distribution function and the fragmentation function are assumed to be described by the same function defined in the different regions [12] .
Because of these salient physical meanings implied in those functions, they have been intensively studied so far . These functions have been extracted from the available empirical data by global analyses or from the parametrizations which satisfy certain constraints [13] [14] [15] [16] [17] [18] . Many theoretical investigations on the fragmentation functions have been carried out. For example, a rigorous QCD proof has done for the momentum sum rules of the fragmentation functions [21] . The Dyson-Schwinger (DS) method was applied to compute the valance-quark distribution function, resulting in relatively good agreement with the available experimental data for the pion and kaon [27] . Similarly, the pion parton distribution was studied with a nonlocal Lagrangian using the DS method [28] . In Ref. [29] , the valance-quark distribution was determined by analyzing the Drell-Yan process including the soft-gluon resummation. A review for the experimental and theoretical status for valance-quark distribution for the nucleon and pion is given in Ref. [30] . The authors of Refs. [31] [32] [33] [34] have also made use of the instanton-motivated approaches to compute the quark distribution functions as well. The collins fragmentation functions which play an important role in the transverse spin physics have also been studied [35] [36] [37] . Monte-Carlo simulations with supersymmetric (SUSY) QCD were carried out to obtain the fragmentation function up to a very high energy in the center-of-mass frame √ s [38] . Among those approaches, we are in particular interested in the ones based on the chiral dynamics. Because the strong interaction in long-distance is dominated by the chiral physics, therefore the nonperturbative objects such as fragmentation functions also should be subjected to the chiral physics. Along this line, the fragmentation functions were first studied by Georgi-Manohar model in Refs. [1, 19] , and later by chiral-quark-meson coupling models in the pseudoscalar (PS) and pseudovector (PV) schemes [20, 35, 36] . Their results indicate considerable differences between these two schemes. In Refs. [22] [23] [24] [25] [26] , the authors studied the fragmentation functions for various hadrons in terms of the Nambu-Jona-Lasinio (NJL) model. In their works, quark-jets and resonances were taken into account and consequently the momentum sum rules is satisfied. The quark-jet contributions turned out to be crucial to reproduce the various fragmentation functions for the small z region. Besides, the quark-jet is also essential to generate the unfavored fragmentation functions [23, 25, 26] .
In the present work, we concentrate on the fragmentation functions and quark distribution functions for the SU(2) light flavor for the positively charged pion, i.e. π + ≡ ud. We only evaluate the π + case because the other isospin channels can be easily obtain by multiplying the corresponding isospin factors in our model [25] . For this purpose, we employ the nonlocal chiral quark model (NLChQM). This model is based on the dilute instanton-liquid model (LIM), which is properly defined in Euclidean space [40] [41] [42] [43] [44] . It is worth mentioning that, NLChQM have successfully produced results for various nonperturbative QCD quantities which are in agreement with experiments as well as lattice QCD (LQCD) simulations. [45] [46] [47] [48] [49] [50] .
Our calculations are performed in the light-cone coordinate at a relatively low renormalization scale µ ≈ 0.6 GeV, corresponding to the two phenomenological instanton parameters, i.e. average size of the (anti)instantonρ ≈ 1/3 fm and average inter-instanton distanceR ≈ 1 fm for the dilute (anti)instanton ensemble. These instanton parameters have been determined phenomenologically [40] or generated by LQCD simulations [51] . Although the fragmentation functions and the parton distribution functions are defined properly only in Minkowski space and there has been no rigorous proof, we still assume that there is an appropriate analytic continuation between the instanton physics and the NLChQM defined in the light-cone coordinate. We notice that there have been successful applications based on this assumption to various physical quantities [31] [32] [33] [34] .
Distinctive features of the present approach, in comparison to other local effective chiral models such as the conventional NJL model and usual quark-meson coupling models, are as follows: 1) The couplings between quarks and pseudoscalar (PS) mesons are nonlocal. Those nonlocal interactions are led by the intricate quark-(anti)instanton interactions inside the instanton ensemble, flipping quark helicities [40] [41] [42] [43] [44] . 2) As a result, the quark-PS meson coupling, which is represented by the momentum-dependent constituent-quark mass, plays the role of the natural UV regulator. Hence, one does not need any artificial regulators. Interestingly enough, the computed momentumdependence of the mass turns out to be very comparable with the LQCD simulations [44, 52] . 3) Moreover, all the relevant physical quantities such as the low-energy constants (LECs) are determined self-consistently only with the instanton parameters [53] [54] [55] . There is no more adjustable parameters in principle within the framework as long as we are considering the light-flavor SU(2) sector. We emphasize that, among the above features, the nonlocality of the interaction is the most important ingredient which has never appeared in other chiral models.
As for the numerical calculations, we compute the elementary fragmentation function d π u (z), standing for the fragmentation process u → πq , where π is assigned for π + throughout this work, i.e. the quark u quark is fragmented into the pion and an energetic quark q . Since an energetic quark will be fragmented into other hadrons until it possesses insufficient energy to be fragmented into hadrons, this elementary fragmentation function does not satisfy the momentum sum rule [23, 25] . It is likely that if the quark jets and resonance contributions are taken into account, the sum rule will be satisfied [23, 25] . However we will not consider those effects for brevity in the present work. Our results of the fragmentation functions turn out to be substantially larger in comparison to other models. Actually the first moment of the elementary fragmentation function can be express as [23] 
Here Z Q is the residue of the quark propagator in the presence of the pion cloud and can be interpreted as the probability of finding a bare constituent quark without the pion cloud. In other words, those elementary fragmentation functions are normalized to the number of pions per quark [23] . The value of Z Q in our model is much smaller compared with other models with local couplings. Physically we can understand the difference between our model and other models is due to that the nonlocal couplings between quarks and PS mesons in our model somehow mimic a part of the meson-cloud effects. Therefore our elementary fragmentation functions have already contained more pioncloud contributions than other models. To investigate the z-dependence of the fragmentation functions from different models, we renormalize these elementary fragmentation functions as follows
Distribution Fragmentaion We find that our fragmentation functions multiplied by z, i.e. zD π u is more symmetric with respect to z compared with the ones from other models.
The calculated fragmentation functions are evolved to high Q 2 by the DGLAP evolution using the code QCD-NUM [60, 61] to compare with the empirical data. By doing so, we see qualitative agreement between our result and the empirical data, although some underestimates are shown in the small-z region. This defect is expected to be improved by the inclusion of the quark-jet contributions [23, 25] .
The parton distribution function f π u (x) is extracted from the fragmentation function by the DLY relation. As done in Ref. [23] , we provide the numerical results for the minus-type and plus-type quark distribution functions being multiplied by x, i.e. x(f
, respectively. Note that the minus-type one is nothing but the valance quark-distribution function. Again, we perform the high Q 2 evolution in order to compare our results with the empirical ones, resulting in qualitative agreement except the sizable underestimate observed again in the small-x region after the evolution up to Q 2 = 4 GeV 2 for the minus-type one. Again, this discrepancy implies more realistic treatments beyond the elementary process, such as the quark-jet contributions as mentioned previously [23] , is required. However, implanting the quark-jet contributions into the present nonlocal-interaction models is challenging, since the momentum-dependent quark-PS meson coupling can provide nontrivial effects to the DLY relation and the quark-jet contributions here. So we leave it for our future study. It also turns out that the high Q 2 evolution up to Q 2 = 27 GeV 2 reproduces the experimental data qualitatively well. The present report is structured as follows: In Section II, we briefly introduce the model we use and sketch our computation procedure. In Section III we present our numerical results and related discussions. The final Section is devoted for the summary, conclusion, and future perspectives.
II. NONLOCAL PION-QUARK COUPLING
The unpolarized fragmentation function D h q indicates the process that an off-shell quark (q) is fragmented into an unobserved set of particles (X) and on-shell hadron (h), i.e. q → h X. A schematic figure for this function is given in the right of Figure 1 . Here, the fragmentation function is defined in the light-cone coordinate, assuming the light-cone gauge, as follows [35, 36] :
where k, p, and z stand for the four-momenta of the initial quark and fragmented hadron, and the longitudinal momentum fraction possessed by the hadron, respectively. k ± denotes (k 0 ± k 3 )/ √ 2 in the light-cone coordinate. All the calculations are carried out in the frame where k ⊥ = 0. Here the z-axis is chosen to be the direction of k. On the other hand, k T = k − k·p |p| 2 p, defined as the the transverse momentum of the initial quark with respect to the direction of the momentum of the produced hadron, is nonzero. µ denotes the renormalization scale at which the fragmentation process computed. Note that we consider this renormalization scale is almost the same with the momentum-transfer scale, i.e. µ 2 ≈ Q 2 for simplicity, unless otherwise stated. The correlation ∆(k, p, µ) reads generically:
Here ψ represents the quark field, whereas ξ the spatial interval on the light cone. Furthermore one can integrate over k T ,
The factor of z 2 is due to the fact that the integration is over p ⊥ = p − p·k |k| 2 k, the transverse momentum of the produced hadron with respect to the quark direction, and there is a relation between p ⊥ and k T : p ⊥ = −zk T The integrated fragmentation function satisfies the momentum sum rule:
where h indicates for all the possible hadrons fragmented. Eq. (6) means that all of the momentum of the initial quark q is transferred into the momenta of the fragmented hadrons. From the Drell-Levi-Yan (DLY) relation [12, 22, 23, 25, 36] , D h q can be related to the parton distribution function f h q , provided that there is a proper analytic continuation. The relation is as follows,
where x denotes the momentum fraction possessed by a parton inside the hadron. A schematic figure for the quarkdistribution function is depicted in the left of Figure 1 .
In this article, we use NLChQM to investigate these nonperturbative objects, i.e. fragmentation and parton distribution functions. This model is motivated from the dilute instanton liquid model [40] [41] [42] [43] [44] . We note that, to date, various nonperturbative QCD properties have been well studied in terms of the instanton vacuum configuration and the results are comparable with experiments and LQCD simulations [45] [46] [47] [48] . In that model, nonperturbative QCD effects are deciphered by the nontrivial quark-instanton interactions in the dilute instanton ensemble. However this model by nature is defined in Euclidean space because the (anti)instantons are well defined there by signaling the tunneling between the infinitely degenerate QCD vacua. Although there have been no rigorous derivation on the analytic continuation from the instanton physics to those in Minkowski one, there are still several challenging studies which try to apply the idea of the instanton physics to the physical quantities defined properly only in Minkowski space, such as the light-cone wave function [31] [32] [33] [34] . Following those studies we adopt the effective chiral action (EChA) from NLChQM in Minkowski space as follows:
where Sp andm f denote the functional trace Tr d 4 x x| · · · |x over all the relevant spin spaces and SU(2) currentquark mass matrix diag(m u , m d ), respectively. Throughout the present work, we will take m u = m d = 5 MeV, considering the isospin space. Note that, in deriving EChA in Eq. (8), we simply replace the Euclidean metric for the (anti)instanton effective chiral action into that for Minkowski space. The momentum-dependent effective quark mass generated from the interactions between the quarks and nonperturbative QCD vacuum, can be written in a simple n-pole type form factor as follows [31] [32] [33] [34] :
where n indicates a positive integer number. We will take n = 2 as in the instanton model [33, 34] . Λ stands for the model renormalization scale. It is related to the average (anti)instanton sizeρ. The nonlinear PS-meson field, i.e. U γ5 takes a simple form [44] with the normalization following Ref. [35] to be consistent with the definition of the fragmentation function in Eq. (3):
where F φ stands for the weak-decay constant for the PS meson φ. For instance, F π is chosen to be about 93 MeV in this normalization. We note that, however, the value of F π can be determined rather phenomenologically to reproduce relevant physical quantities and conditions, even in NLChQM, and will discuss this in detail in Section III. We also write explicitly the PS-meson fields:
By expanding the nonlinear PS-meson field up to O(φ 1 ) from EChA in Eq. (8), one can derive the following effective interaction Lagrangian density in the coordinate space for the nonlocal quark-quark-PS meson vertex:
Then, the correlation in Eq. (4) can be evaluated using this effective Lagrangian for the elementary fragmentation function q(k) → φ(p) + q (r), where r = k − p:
where the momentum-dependent effective quark mass is written via Eq. (9):
Note that the µ dependence of ∆(k, p, µ) is due to that fact we need regularize M by introducing the model renormalization scalar Λ in Eq. (9). In Eq. (13) we adopt the following notations:
Note that f and f indicate the flavors for the initial (q) and final (q ) quarks, respectively. Eq. (13) stands for the π + elementary fragmentation, i.e. u → π + d. As for the fragmentation of a neutral pion, one needs multiply the isospin factor 1/2 to Eq. (13) at the elementary-fragmentation level. From the first line to the second line in Eq. (13), we approximate some of the momentum-dependent effective quark masses into a constant constituent-quark mass M → M 0 , since the momentum dependencies from those mass terms play only minor roles numerically. Moreover, this approximation simplifies the numerical calculations to a great extent. Performing the trace over the Lorentz indices for the fragmentation function in Eq. (3):
we reach a concise expression for the elementary fragmentation function u → π + d from NLChQM:
where the relevant four momenta squared in the present theoretical calculations are defined in the light-cone coordinate as follows:
where the transverse PS-meson momentum on the light cone, i.e. p T = 0. Note that the value of M 0 can be fixed self-consistently within the instanton model [40] [41] [42] [43] [44] [45] [46] [47] [48] with the phenomenological (anti)instanton parametersρ ≈ 1/3 fm andR ≈ 1 fm, resulting in M 0 ≈ 350 MeV by the following self-consistent equation, defined in Euclidean (E) space:
The pion mass is chosen to be m π = 140 MeV throughout the present work. Collecting all the ingredients above, one is led to a final expression for the elementary fragmentation function:
where M k and M r are the momentum-dependent quark mass manifesting the nonlocal quark-PS meson interactions, read:
As for M k in Eq. (19), we have introduced a free and finite-valued parameter δ in the denominator to avoid the unphysical singularities, which appear in the vicinity of (z, k T ) = 0, due the present parametrization of the effective quark mass as in Eq. (9). We determine δ to satisfy a natural conditions for all the possible values of (z, k T ):
It is easy to see that one of the trivial solutions for Eq. (20) can be δ 2 = nΛ 2 −M 2 f , considering the quark propagator in Eq. (18) . Although there can be other solutions, we will use this value for δ for the fragmentation function as a trial hereafter. Physically, those unphysical singularities can be understood as that a hypothetic particle, whose mass corresponds to √ 2Λ, becomes its on-mass shell for a certain combination of (z, k T ). Thus, we employed δ to exclude that unphysical situation. We also verified that the change of δ does not make considerable effects on the numerical results, as far as Eq. (20) is fulfilled.
If we replace all the momentum-dependent masses into a constant one M in Eqs. (18) and (19) in the chiral limit, and change the quark-PS meson coupling into a constant one appropriately in Eq. (18), we obtain the expression for the elementary fragmentation function from the quark-meson coupling model [36] :
The above equation is also equivalent with that from the NJL model calculations in principle [22, 23, 25] . Note that the on-shell value of M 2 0 /(2F 2 π ) becomes about 7, which is quite similar to g 2 qqπ ≈ 9, used in Refs. [22, 23, 25, 36] . At the renormalization scale in our model, the elementary fragmentation function is assumed to be able to be evaluated further by integrating Eq. (18) over k T as:
where the factor z 2 in the right-hand-side is again comes from the integration over
T , µ) would be far more complicated in principle [39] . We will present the numerical results for Eq. (22) in the next Section.
Using the DLY relation in Eq. (7), one can derive the quark-distribution function for π + , i.e. f π + u as follows:
where we have defined the effective quark masses for the quark distribution function by
Note that M k in Eq. (24) does not suffer from the unphysical singularities unlike that in Eq. (19) , according to the different kinematic situations between those functions. Again, if we take the replacements asM f,f → M and
φqq as done for the fragmentation function, one is led to
which is equivalent to Eq. (14) in Ref. [23] in the chiral limit. Similarly, the integration over k T can be performed as follows, resulting in a function of x at a certain renormalization scale µ ≈ Λ:
We will use the notation π instead of π + from now on for convenience. Moreover, the minus-type quark-distribution function, which corresponds to the valance-quark distribution, satisfies the following normalization condition:
where n q in the right-hand-side indicates the valance-quark number and becomes unity.
III. NUMERICAL RESULTS
Here we present our numerical results for the fragmentation functions and the parton distribution functions of π with relevant discussions. We will consider only the favored fragmentation process u → πd. As in the instanton model the value of Λ is proportional to 1/ρ giving the renormalization scale Λ ≈ 600 MeV as mentioned in the previous section. As understood by Eq. (14), the effective quark mass plays the role of the UV regulator by construction, resulting in that relevant integrals in Eqs. (22) and (26) are not divergent. This feature is quite different from Refs. [22, 23, 25, 36] , in which various cutoff scheme were employed. Moreover, we assume that there is no perturbative gluon contributions for those function in hand at the initial scale Λ.
First, we present the numerical results for the elementary fragmentation functions, multipiled by z, zd π u as functions of z in the left panel of Figure 2 for the present (solid), NJL (dot), PS (dash), and PV (dot-dash) results. As for the NJL result, the renormalization scale is chosen to be 0.18 GeV 2 as usual [22, 23, 25, 36] , whereas it becomes 1 GeV 2 for the PS and PV schemes of the quark-meson coupling model [36] . It is worth mentioning that the initial Q 2 values for each curve are chosen to be the same with each model renormalization scales. For instance, we set Q 2 = (600 MeV) 2 for the present case. Although, in order for an appropriate comparison between the model results, one may need proper Q 2 evolutions to a single Q 2 value, we do not perform those evolutions here. Hence, the curves in Figure 2 should be taken into account as a very qualitative comparison at a generic hadron scale (0.4 ∼ 1.0) GeV. From the left panel of Figure 2 , we observe that our curves are in general much larger than the other model results. Moreover, while the peaks of the curves locate at z ∼ 0.5 for the present theoretical framework, the maximum values of NJL and PS scheme are around z ∼ 0.7. On the other hand, the maximum value occurs in PV scheme at the location where is close to ours. The behaviors of the NJL and PS-scheme curves are similar because they are both local models without derivatives.
Note that these elementary fragmentation functions computed here do not satisfy the momentum sum rule Eq. (6). Since we have considered the elementary process q → π q , however, as discussed in Refs. [23, 25] , the pion-cloud effects will enhance the elementary fragmentation functions, and those fragmentation functions with the pion-cloud effects were identified as the renormalized fragmentation function. The pion-cloud effects can be estimated by the value of the first moment of the fragmentation functions:
where the summation runs over the all isospin states of the PS meson. For instance, in Refs. [23, 25] , the value of N π/u was estimated to be (0.1 ∼ 0.2). As understood, this smallness of N π/u results in the breakdown of the momentum sum rule. The renormalized fragmentation function then can be defined as [23] :
Here, we note that the summation runs over all the possible fragmented hadron states from the u quark in principle. However, since we are interested only in the pion case, we restrict ourselves to the SU(2) light-flavor mesons, i.e. no kaons. From the numerical computations, we obtain
From the values in Eq. (30), we find that present result gives much larger strength compared wit those in the models with local interactions. This observation tells us that the probability for the initial quark to be fragmented into the hadrons, especially pion, turns out to be much higher due to the nonlocal interactions. Physically, this enhancement of N π/q can be understood in the following way: The nonlocal interactions are originally generated from the intricate quark-(anti)instanton interactions in the instanton-vacuum picture [40] [41] [42] [43] [44] . This momentum-dependent quark mass can be understood as a dressed-quark mass as in usual Dyson-Schwinger methods [27] where the quarks are dressed by the pion cloud. In this sense, the nonlocal interaction represented by the momentum-dependent effective quark mass practically contains considerable contributions from the pion cloud. It leads to the higher probabilities for the initial quark to be fragmented into the pion, comparing to usual local models with a constant quark mass and coupling. The numerical results for the renormalized fragmentation function multiplied by z, zD π u (z) is given in the right panel of Figure 2 . Interestingly, the curves from the present nonlocal model calculations look like an average of the PS-(or NJL) and PV-scheme results. This can be understood qualitatively by expanding the momentum-dependent quark masses of (14):
The first term of Eq. (31) relates to the PS scheme (or NJL) without derivatives, while the second term to the PV one with derivatives, qualitatively. In this way, the present result can be seen as sort of a mixture of the two coupling models. The numerical results for xf π u are given in Figure 3 for the present result (solid) and NJL (dot) cases as functions of the momentum fraction x. All the calculations are carried out at the same renormalization scale 600 MeV as for the fragmentation functions. If we integrate the quark-distribution function over x as in Eq. (27) with the empirical pion-decay constant F π ≈ 93 MeV for Eq. (23), shown in the left panel of Figure 3 , we have n q = 0.88. These values deviate the normalization condition of Eq. (27) by (10 ∼ 20)%. The reason for this discrepancy can be understood as follows: Within NLChQM (and also the instanton model), the value of F π turns out to be about 20% smaller than its empirical value, if the mass-derivative terms, i.e. ∂M k /∂|k|, are ignored [40] [41] [42] [43] [44] [45] [46] [47] [48] . Note that these terms are originated by considering the (axial) vector current conservation for the relevant hadronic matrix elements [41, 57, 58] . Practically, they are called as nonlocal contributions. In deriving d π u in Section II, however, we did not include them and derived f π u by employing the DLY relation. Consequently our values of f π u violate the normalization condition Eq. (27) . Thus, if we choose a smaller value for F π , considering the absence of the nonlocal contributions, the normalization condition can be satisfied with F π ≈ 85 MeV. In other words, the effects from the nonlocal contributions are compensated by the smaller F π value. The inclusion of the nonlocal contributions is under progress [59] . The numerical results which satisfy Eq. (27) are given in the right panel of Figure 3 . As shown there, the overall strength of the curves are enhanced by about 10%, whereas the curves shapes remain almost the same.
From a phenomenological point of view, we will use the numerical results for f π u , satisfying the normalization, given in the right panel of Figure 3 , hereafter. It also turns out that the curve from the present calculation is very symmetric and peak at x ≈ 0.5. The NJL result is tilted to the the region near x = 1. Thus, we conclude that the nonlocal interactions between the quark and PS meson have large impact on the shape of the curves of xf π u in comparison to those from the local-interaction model calculations, as already observed in the case of the fragmentation functions in Figure 2 .
According to Ref. [18] , xf π u can be parameterized by the following forms: xf
where we have assumed that SU(2) flavor symmetry for the valance and sea quarks, respectively. Using Eq. (32), xf π u (x) in Figure 3 can be parameterized at Q 2 = 0.36 GeV 2 and the fitted values for A π v , α π , and β π are listed in Table I , satisfying the normalization condition in Eq. (27) . These parameterized distribution functions will be used for the inputs for the high-Q 2 evolution. To compare with the empirical data obtained in Ref. [14] , we need to perform the high-Q 2 evolution of the present results. For this purpose, we will make use of the numerical DGLAP evolution code QCDNUM17 by Botje [60, 61] . The quark distribution functions computed and parameterized previously becomes the inputs for the evolution. For the QCDNUM evolution, one needs three valance quark x(q −q) and anti-quark xq distributions. Note that we assume that the gluon functions is zero at the initial scale. First, in Figure 4 , we show the numerical results for the renormalized zD
The empirical fragmentation function is parametrized as follows [14] :
where B(x, y) in the denominator stands for the beta function with arguments x and y. The LO and NLO values for α and β, obtained at Q 2 = 1 GeV 2 are given in Table II following Ref. [14] . The empirical results for zD π u at Q 2 = 1 GeV 2 at LO and NLO are drawn in Figure 4 in the dash and long-dash lines, respectively with the inputs including Eq. (33) and the values listed in Table II . The errors for the empirical fragmentation functions are also depicted. As for the present result (left), the LO and NLO empirical curves are qualitatively matching with the theoretical calculation (dot) for the region z 0.5 whereas they deviate considerably in the region z 0.5. As discussed in Refs. [23, 25] , the fragmentation functions will be enhanced by taking into account the quark-jet contributions in the region z 0.5. Hence, although we have not taken those contributions into account here, the discrepancy between the theoretical and empirical curves might be cured by including the jet contributions which are now under progress [59] .
We demonstrate our results evolved from Q 2 = 0.36 GeV 2 (solid) to 4 GeV 2 at LO (dot) and NLO (dash) in Figure 5 for the minus-type (left column) and plus-type (right column). The empirical curves are computed using Eq. (32) and input values fitted from the NA10 data [18] in Table III . Note that we did not present the errors for the empirical data in Figure 5 , since the errors given in Ref. [18] provide considerably small effects. It is clearly shown that the present results are in agreement with the empirical one for the minus-type distribution, which is nothing but the valance quark distribution function. We also observe that the present results for the plus-type distribution functions underestimate in the region x 0.2 .
After the evolution, we plot the valance quark distribution function at Q 2 = 27 GeV 2 in Figure 6 . The data points are taken from Ref. [16] . The present result reproduces the data qualitatively well as expected from the left panel of Figure 5 . 
IV. SUMMARY AND CONCLUSION
We have studied the fragmentation functions and the parton distribution functions for the positively charged pion using NLChQM motivated by the instanton vacuum configuration. We have computed them at the low-renormalization scale Λ 2 ≈ Q 2 ≈ 0.36 GeV 2 , then evolved them up to certain higher Q 2 values by the DGLAP evolution. The numerical results were compared with other models with only local interactions. Below, we list our important observations in this work:
• The fragmentation and parton distribution functions calculated by NLChQM manifest the effects from the nonlocal-interactions between the quarks and the PS mesons. Naturally, if we reduce the nonlocal-interaction into local ones, we can obtain the well-known results such as those from the NJL model. The nonlocal interactions make significant differences in comparison to those from the models with local interactions.
• By comparing the first moment of the elementary fragmentation function of all isospin states, N π/u from all models, the pion-cloud effects turns out to be much more pronounced in NLChQM since the intricate nonlocal quark-PS meson interaction enhances the effects. The NLChQM results behave like a mixture of the PV and PS (NJL) schemes. It can be understood by expanding quark-PS meson coupling term ∼ M k by its momentum k.
• The fragmentation functions from NLChQM are relatively symmetric with respect to z whereas the local interaction models give asymmetric or tilted curves. After high-Q 2 evolution, we find substantial deviations in comparison to the empirical data, in particular, in the small z region. The inclusion of the quark-jet contribution is expected to help to resolve this discrepancy.
• The minus-type (valance) quark distribution function reproduces the empirical data qualitatively well for various Q 2 values, while the plus-type one indicates sizable deviations at small x region.
As a conclusion, the present nonlocal-interaction model, NLChQM provides very distinctive features, which have not been observed in usual models with local interactions, and contains interesting physical implications. We are working on the more realistic ingredients, such as the resonance and the quark-jet contributions. The result will appear elsewhere. The extension of the present theoretical framework to the flavor SU(3) octet mesons for the kaons is also under progress. The empirical data are taken from Ref. [16] .
